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Orthogonal polynomials on the unit circle are fully determined by their reflection
coefficients through the Szegé recurrences. Assuming that the reflection coefficients
converge to a complex number a with 0<|a| <1, or, in addition, they form a
sequence of bounded variation, we analyze the orthogonal polynomials by comparing
them with orthogonal polynomials with constant reflection coefficients which were
studied earlier by Ya. L. Geronimus and N. I. Akhiezer. In particular, we present
asymptotic relations under certain assumptions on the rate of convergence of the
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reflection coefficients. Under weaker conditions we still obtain useful information
about the orthogonal polynomials and also about the measure of orthogonality.
© 1999 Academic Press
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polynomials; reflection coefficients, perturbations.

1. INTRODUCTION

The present paper is a continuation of our study of polynomials
orthogonal on an arc of the unit circle, started in [ 12]. We adopt here the
notation used therein.'

Orthogonal polynomials {¢,} ¢ on the unit circle T = {zeC:|z] =1}
are defined by

i9

J%(u,Z)wm(u,Z)du(9)=5m,n, z=e", mmnel",
.

where ¢,(u, z) =1,(u) z" + lower degree terms with x,(u)>0 and u is a
probability measure in [0, 27) with infinite support. Here and in what
follows we say that u is a measure on T, and, for a function f on '[F we set

v fdu'= = fo* f(e"®) du(9). The monic orthogonal polynomials @, = ko,

along with the monic second kind orthogonal polynomials {¥, &

KW} & satisfy the (Szegd) recurrence relations

<¢n+1 Yln+1>=< z an+l><¢n yln> I’IEZ+ (1)
Qi Vi 2y 4y 1 oF —¥x) ’

def

where @,=1, ¥,=1, a, = &,(0) (cf. [12, formula (8)]), and the reversed

-polynomlal of a polynomial p, of degree n is defined by p;“(z) =
z"p,(z7'). Note that the monic second kind orthogonal polynomials
{¥,} & are determined by replacing a, with —a, in the recurrences for
{®,} ¢ and {@}} . The elements of the sequence {a,} ¢ are called reflec-
tion coefficients and/or Szegé and/or Schur parameters. We can relate the
leading coefficients {x,} ¢ to the reflection coefficients {a,} ¢ via

Y lod0)?=x;,  nezt,

! In what follows, whenever it does not lead to confusion, we w111 suppress arguments sughf
z (as in ¢@,(y, z)) to simplify the notation. We write 7+ & {neZ n>0} and R* =

{xeR:x}O}.
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and

Zn :1_|an+1|23 I’ZGZ+, (2)

(cf. [8, formula (1.5), p. 7 or formula (1.9), p. 9]). By the analogue of
Favard’s theorem on T (cf. [4]), an arbitrary sequence {a,} ¢ with a, =
and |a,| <1 for ne N, completely determines the sequence of orthogonal
polynomials {®,} ¢°. In fact, given such a sequence {a,} ¢, the polynomials
{®,(1)} & obtained by the Szegd recurrences are orthogonal with respect
to a unique probability measure x on T with infinite support, such that
@, (1,0)=a, forneZ*. A very spe01al case is the sequence of Geronimus
polynomials {(D o0, where a, < 4 for ne N with 0 < lal < 1. Analogously,
we can talk about the sequences {¢,} &, {i,} &, and {¥,} & as well.

We view the Geronimus polynomials as the unperturbed polynomials,
while {¢,} ¢ corresponding to {a,} ¢ are the perturbed ones. Our goal is
to describe the perturbed system of orthogonal polynomials in comparison
to the unperturbed system when some restraints are placed on the con-
vergence behavior of {a,} .2

The Geronimus polynomials essentially live on an arc of the unit circle
characterized by o, such that

s1n(<x/2) |a| ae (0, n), (3)
(cf. [12, Sect. 27]). For fe(0, ) we define

Ay € (e f<I<2n—p),

45 E (e p<9<2n—p), (4)

45E (e —f<9<f).

Using this terminology, the support of the orthogonality measure 4 corre-
sponding to {@,} consists of 4, and one possible mass point in 4,°.

In [12] the matrix recurrences (1) were used to manage the computa-
tions. However, the matrix recurrences were not ideal to handle certain
improvements of [ 12, Theorem 12, p. 410], such as asymptotics for {¢,} ¢
at z=e*™ under the condition ¥* ,n |a,—a| < 00.® On the other hand,
if the matrix approach works, it may still be possible to replace it with an
argument involving three-term recurrences. For example, [ 12, Theorem 12,
p- 410] may be proved by combining the technique of reducing the order
of the three-term recurrences used in [ 19, 20] with a trigonometric Schur-

type inequality (cf. [5, Theorem 6, p. 85]).

2 The same problem in a different but more general context is treated in [23].
3 For the continuous analogue of this condition in the spectral theory of the Schrodinger
operator see, for instance, [ 1, Chap. II, formula (2.1.2), p. 37].
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The three-term recurrence relation for {®,}° can easily be deduced
from (1) (cf. [9, formula (3.4), p. 4]). We write it as

Uy i1 Vni2(2) =@y 124y 1 0) Vuyr(2)+2a, (1 —la, 1 1?) yu(2)=0, (5)

def

where y,(z) = @,(z), with irc}i‘f[ial conditions @,=1 and @,(z)=z+a,.
It is easy to see that y,(z) = ¥,(z) also satisfies (5) with ¥,=1 and
Y.(z)=z—a,. Let NyeN be defined by

Nodzefmin{keZ““:anH;é()for every n>kj. (6)

In this paper the index N, will exist since lim, _, , a,=a#0 is always
going to be assumed. Now consider

an Kn an KnKn
Tt e R E tr aEAC RSN
an+l Kn+l an+l Kn+1
(7)
which, by (2), is equivalent to (5) when n> N,. Then {<Pn}§30 and {tpn};‘,’o
form a fundamental set of solutions to (7) for the range n> N,. This
follows from the expression

’ ®u(2) Ya(2)
Pni1(2) Ynia(2)

for the Wronskian which doesn’t vanish for n > N,. We also mention that
{®,} ¢ and {¥,} s form a fundamental set of solutions for

2a, 1K, 1
= —% z", neZt, (8)

n

Ayt Yus2(2) = (Apy1 +yi22) Yuip1(2) +apynz(l—a, o4 |2) ya(2)=0

(cf. [8, formula (8.9), p. 157]) where analogous special attention needs to
be paid to the case when a, ., =0.

The following is a well known fact about the general solution of second
order linear difference equations (see [6, Sect. 5.3.5, formula (30), p. 308
(Russian), p. 305 (French), p. 368 (English)]).

PROPOSITION 1. Assume that { fi(n)} ¢ and { f5(n)} satisfy the homo-
geneous difference equation

Po(n) f(n+2)+ Py(n) f(n+1)+ Py(n) f(n)=0,  neZ",

and there is noe Z% such that

Si(ng) Sa(ng)

0.
fino+1) frlmg+ 1|7
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Then, assuming Py(n) #0 for n>=n,, the general solution of

Po(n) f(n+2)+ Py(n) f(n+1)+ Py(n) f(n)=0(n),  n=ny,
can be expressed in the form

Silk+1) f2 k+1 ‘
Si(n) O(k
(k+1)  falk+1)| Po(k)

Silk+2) fz(k+2)’

+le1(”)+czfz(”)7 nzn,

fim=%
k=ny

where ¢, and c, are arbitrary constants. Given initial conditions f(n,) and
f(ng+1), the constants ¢, and c, can be determined from

S =cifilh) + e folj Jj=ne, no+1L

We will also need Gronwall’s inequality (cf. [17, Lemma 3.2, p. 21; 14,
Lemma 4, p. 250; 28, p. 440]).

ProOPOSITION 2. Given g,€Z and ,€Z with o, <a,, if the sequences
{u, 20}, and {v,>0}72  satisfy

u <d+ Z Uy Up, 0'1<n<0'2,
k=0,
then
n—1
u,,<dexp< Y vk>, g, <n<o0,.
k=oa,

COROLLARY 3. Given g,€Z and o,€Z with 6,<a,, if the sequences
{u,>0}72 and {0<v,<1}7 _ satisfy
1 1

n
u, <d+ Y. vpu, 0,<n<0,, (9)

then
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Proof. Rewrite (9) as

n—1

(1—v,)u,<d+ Z

k=a'1

Uy

(l_vk)uk’ 01<n<029
1—uv,

and apply Proposition 2. |

The next result establishes the asymptotic behavior of the solutions of
certain second order difference inequalities with two identical characteristic
roots. The proof of this and its higher order analogues can be found in
[ 14, Theorem 3, p. 247].

ProrosITION 4.  Given nyeZ, let f: 7 — C vanish in (—oo,ny)NZ.
Suppose that f satisfies the difference inequality

[f(n+2)=2f(n+ 1)+ f(n)| < g(n)(|f(m)| + | f(n+ )| + | f(n+2)])
Sfor every integer n=ngy with {g: Z - R™} satisfying

i g(k) k< o0.
k=n

0

Then either f(n) =0 starting with a sufficiently large index n or else, either
for r=0 or for r=1, lim,_, , n~"f(n) exists and it is different from 0.

2. THE CASE OF CONSTANT REFLECTION COEFFICIENTS

In this section we present explicit formulas for the Geronimus poly-
nomials {@,} ¢ (cf. [12, Sect. 2]) which will help us how to establish
asymptotic results for the perturbed polynomials. We assume that 0 <
la| <1 and that « is determined by (3). Let z, and z, denote the zeros of

w2—(z+1)w+(1—1a|*)z=0. (10)

Then

241 +/(z—e™)(z—e ™)

. 21— /(z—e™)(z—e™)
! 2

and z,=

where the branch of the square root is chosen such that

i YE—eE—eT

z— 0 4




PERTURBATION OF ORTHOGONAL POLYNOMIALS, II 7
We will frequently use the notation
def 2
ri2 = 21,2/ 1—lal” (12)

Using (1) we can write

<¢3n+1 g,\,n+1 _ z a> é\n An>
é:“ ljjj:ﬂ “\za 1 éj A;;k
z a\"*/1 1

= s 13

<za 1> <1 -1>’ ness (13)

that is,

z+1

sz*ﬁ Pui1+20,=0,

neZ*, (14)

(cf. (7))

def
Case 1. z= e®eA°. Then |r,|=|r,| but r, #r,.

By (11)
) 3 3 — 3
7y =" <coszii\/sin 5 % sin —;a>'

1/2

In particular, |z,| = |z,| =(1—1a|®)"? and |r,|=|r,| =1. We can use the
characteristic equation (10) to evaluate the matrix power in (13), which
yields (cf. [12, Sect. 2, p. 399])

L /iz’l’-i-ézg

Cz"+ Dz
P (= TaPy

and  ¢F=—1—T02=Cr"+Dr},

= Ar{ + Br (l—|a|2)"/2_
(15)

N3

where A, B, C, and D are functions of z which do not depend on n. For
Y, and ¥ similar representations hold as well.

Case 2. z¥ e =¢*™ Then r,=r,.
We restrict ourselves to the case when 3 =o. If 9= —a, a single sign
change will suffice to obtain the corresponding results. By (11)

z4+1 ™41
22

Z1,2= :(1—|a|2)1/2€i(a/2),
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so that |r;|=|r,| =1, and from (15) (see also [ 12, formulas (17) and (18),
p. 3991]), after the limit 9 — o + 0 is taken,

, , 2(e™+a)
5 (e*)=el/2m | (222 T7) 1
Pale”)=e {( e +1 >n+ }
and
, , 2(1 + a@e™)
5%(pin) — pile/)n | (S22 TFF T 1.
Pu(e™)=e {< e”™+1 >n+ }

There are analogous formulas for ,(e™) and  *(e™).

£
Case 3. z= ¢ eAS. Then |r,| > |rs].

In this case (15) remains valid. As for the absolute values of r; and r,,
by (11), we have

) 3 -39 9
zy, =€) <coszi/sin“2 sina—; >,

so that
|21 5l coslg—i-\/sinoc_gsinoc+l9
z = -
L2 2 2 2
_\/1+cos9+/cos9—cosoc
- 2 = 2
_ 1—|a|?
\/(1+cosl9)/2$\/(cosl9—cosa)/2’
from which
,/1—|a|2< 1 —|al <l <1
< S )
2 S—ja?
and

2
J1—1al*

We point out two more useful facts about the Geronimus polynomials in
the special case when |a — 1/2| =1/2. The first one is the explicit formula

l<|r | <

b.(¢") _(e-n <sin(n+ l)iei(g)_sin ni i(°2‘)>, nez+,  (16)

N ; e
sin A4 sin A
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(cf. [8, formula (4.14"), p. 50]) where the parameter A€ [0, ] is given by

def COS -9/2

<I<2m—a.
cos(a/2)’ * e

The secodnfd one is about the asymptotlc behavior of the Christoffel funct1on
K, (z,2)= "o |®;(2)? (cf. (52)). By (16), for |a—1/2|=1/2 and P
e A2, we have

sin? AK,(z, z)

=sin*(n+1)A+2 ), sin?ji—2 cos

Jj=1

Z n(j+1)Asin ji.
Since

cos 2j4

N —

I M s

sin’ ji =

NS

I s

and

" A " inJ &
Y sin(j+ 1)/ sin jﬂ,:COZS <n— Y cos 2j/l>+SH21 Y sin 2/,

1 j=1 j=1

J

and
_sin((n+1)/2) x cos(n/2) x
= —1
j; cos Jx sin(x/2)
and
z sin jix sm (n+1)/2) x sin(n/2) x ’
i1 sin(x/2)
we have
lim Kz, z) _l—cos((3—a)/2)cos . T sin($/2) (17)
i n sin / TN (9 1 0)2)

where the convergence is locally uniform in 49.*

4N.B. that the latter limit relation appeared for the first time in [ 10, formula (4.13), p. 49],
where it was derived from [ 10, Theorem 3.2, p. 46] whose proof (very unfortunately) contains
an error (cf. [21, Section 4.6, pp. 26-28]).
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3. PERTURBATION OF THE ROOTS OF THE
CHARACTERISTIC EQUATION

Recall that z=¢%, |a,| <1 for neN, 0<|a| <1, « is defined by (3),
lim,_, , a,=a, and N, is defined in (6). It will be convenient and later
helpful if we rewrite (7) for the orthonormal polynomials as

¢n+2_(rl,n+72,n)¢n+l+rl,nr2,n(pn:07 n>N07 (18)
and, similarly, for the orthonormal Geronimus polynomials (cf. (14)),
Pusa—(r1+12) @y +r1r2$,=0, nz=0, (19)

where we denote by r, , and r, , the roots of the characteristic equation

Any2 \Knyo Any2 KnKnyo
r2—<z+ z > 4z =0, n= N, (20)
Ayyr1/) Knya Apy1 Kuia

of the linear recurrence (7), so that

an+2 Kn+2 an+2 Knkn+2
rl,n+r2,n=<z+ — and Finlon=2 —— (21)
Apy1/) Knyt Ayv1 Ky

In particular, for ze T
r1,, 70 and 12,70, n=N,,

and, if 0 <inf, . y |a,| <sup,- y, la,| <1, then there is a constant K, such
that

m

sup  sup [T 1riaraal T < Ko. (22)

zeT Nysmy<m, n=m
For the orthonormal Geronimus polynomials, (21) reduces to
ri+ry=(z+1)(1—|a?) "2 and FiF,=z. (23)

Our results are based on the convergence behavior of {a,} . We will
formulate these conditions in terms of the roots of the characteristic poly-
nomials of (18) and (19). This is accomplished in two steps. First we
express these conditions in terms of the coefficients of (18) and (19) (see
(24) and (25)), and then we move from the coefficients of (18) and (19) to
the roots of the corresponding characteristic polynomials. This approach
works as long as the roots are different (see (27) and (28)). We omit most
of the details for they are tedious but simple.
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For ze 4, (in fact, uniformly in the convex hull of 4,), there exist func-
tions E,, E,, and E; depending on a, and for every fixed ¢ >0 there is
N,(g) = N, such that

[Pt 70— 11— 12| S(Ey+é) |a, o —al +(Ey+eé) la, ., —al, (24)
|”1,n"2,n—”1 ry| <(Es+eé)la, o —al +la,,,—al), n=Ny(e).

In Section 6, we will need a similar pair of inequalities for the roots of the
characteristic polynomial (20) written as

Font o= 1 ne1 = T2 ns1l

S(Ey+é) lapy2—auir| H(Eyt+e) |a, 53— a,52],
Fnt2n—TLne1 72 ne1l

S(Es+e)(|apr—an il +lan3—a,12)), nz=Ny(e).

For instance,

def

Ey(a) = (1—la]?)~"2]a| ",
Ex(a) € (1= lal®) =" |a| ' +2 |a] (1 -]a]*) 7", (26)
Ex(a) € Ja] =" + la] (1 |a]?) !

are appropriate choices for (24) and (25) to hold. To see how one arrives

at such estimates, we will derive the first inequality in (24). From (21) and
(23) we find

[P nt 1o n—F1—T2|=

Apy1/) Knyt 1/1—|a|2
Knt2 1 Apy2 Kni2

(z+1)< 2 >+< —1>
Kpii 1/1—|a|2 Ay 41 Knt1

1 1
<2 /1—|al? =— =
1= lay 2> /1-1dl
+ 1 an+2_l ,
V1= 1y 5] [dnen

where we have used that |z+4+1|<2./1—]a|? in the convex hull of 4.
Now use

‘ 1 1 ‘ |x— y|

NN RN NG
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to obtain

|ldns2|*—lal?|

2 1 —lal?)®+o(1)

|api2—al (1a,42] +1a])

2ST—1al?) +ol1)
<<""+o(1>> F—
(J/T—JaP

J1- |an+2|2 1P

Furthermore,
.o 1
e —1]= syt | S (g1 —al + 1y 42— a]).
Ay 41 | 411 [, 41l
Hence,

|V1,n+”2,n_’”1_"2|

2d
<((Hd 4o ) lasa—a

1
+ (2+o(1)>(|an+1a| + 1,2 —al).
jal /1~ 1al

giving the first inequality in (24). The other inequalities in (24) and (25)
follow by similar estimates.
In order to move on from the coefficients to the roots, we use

rl,n+r2,n+(_1)j+1\/(rl,n+r2,n)2_4r1,nr2,n
rj,n= 2 s
. _r1+r2—i-(—1)j+1\/(1’1—i-r2)2—4r1 Fy
Jj 2 ’

j=1,2.

The following inequalities are not uniformly valid on 4, since they break
down at the endpoints e*™ Thus, in practice, we use them on a compact
subsets of 42 Given 4=A4< 4% and ¢>0, there is N,(¢, 4) > N,(¢) such
that for j=1 and j=2 the inequalities

lrn— 1| <|ry—ra| 7" {(Eq+€) |, —al + (Es+¢) la,,,—al},  (27)
and (cf. (25))

17n =T ne1l <l —ral T H{(Egte) la,y0—a, |+ (Es+e) la, 3—a, 5}
(28)
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hold for n>= N,(¢, 4). The expressions

def def

E, Y26, +E, and E,¥2E,+E,

are appropriate choices for the above defined functions.

4. ASYMPTOTIC ANALYSIS

A Solution Formula for the Perturbed Equation. First we establish a
connection between (18) and (19) by rewriting (18) as a constant coef-
ficient non-homogeneous equation

Puio—(r1+72) @ui1 +11720,=0,, (29)

where

£
0, = (Vl,n‘|"’2,n_"1_"2) (Pn+1_(’”1,n"2,n_”1"2) Pn-

In what follows, given &> 0, let n, Y 1(¢) so that the inequalities in (24)
hold. If z #e*™, then r} and rj form a fundamental set of solutions to the
homogeneous form of (29). Thus, by Proposition 1,

k+1 k+1

ri ry
n—1 n n
rtor
_ 1 2 . n n
Pn Z Pl kT Orterite,r;
k=ny 1 2
k+2 k42
ry s
n—2 n—k—1 n—k—1
r —r
2 1
= Z [(71,k+"2,k_”1_”2)€0k+1_(Vl,k”z,k_rl"z)%c]
k=no Fa—=n

n n
tepritear

n—1 rnfk_rnfk

2 1
= ) o (Fk—1trok1—TF1—12) P (30)

k=np+1 27N

rnfno_rnfno
2 1

+ (pno+l

I, —r;

r —r]
- Z — (Vl,k"z,k—rl"z)§0k
k=ny 2 '
n—np—1__ .n—ny—1
3 "
—Irir )
Fo,—r

where, on the right hand side, the limit value is to be taken if z=e*™
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It is also essential to establish bounds for {¢,} . To this end we start
with

n—1

(2 <d(2)+ Y venl2) loal(2)], |zl=1, n=n,, (31)

k=ngp

which is a consequence of (30). Here

def r;—no_r}iz—no g—no—l_rrlt—no—l
dn = |(Pno+l|+ ryrp |¢n0| (32)
r,—n, Fa—r;
and
def |15 K =117k
kn = (Fyk—1trae—1—ri—13)
Fy—ry
rn—k—l__rn—k—l
+|2 : (Vl,k”z,k_"l"z)- (33)
r,—n
We will also use
def
Uk = [F k1t ro k1 —Fi—Ta| Hr e ra =112l (34)

Now we are ready to formulate the first main result of this section.

THEOREM 5. Let |a,| <1 for neN, 0<]a| <1, sin(o/2) d=ef|a| with
ae (0, ), and let {@,} s be a solution of (7) (cf. (18)).

(1) IfY* ola,—al<oo and A=A4< A2 then there exist two func-

n=0

tions A, € C(42) and B, € C(42) such that

lpu—Ap i =B, 13| <Ky ), lag—al, neN, (35)
k=n—1
holds on A, where the constant K, is independent of z € A and n (but depends
on the choice of A).
(2) If Y  ola,—al <o and A=Ac A%, then there exist two func-
tions C, € C(4%) and D, € C(A4?) such that

(oo}

10n—Copo §u—Do | <K, Y la—al, neN, (36)

k=n—1

holds on A, where the constant K, is independent of z € A and n (but depends
on the choice of A4).°

5 In fact, if the two sets 4 in (1) and (2) are the same then K; =K,.
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(3) If X onla,—al <oo, then there exist two functions A, and B,
satisfying (ry,—ry) A, €C(4,) and (ry—r;) B,, € C(4,), such that

lro—=ri| ¢n—Ap i — B 13| < Kj Z k |a;—al, neN, (37)

k=n—1
holds on A, where the constant K5 is independent of z € 4, and n.

Proof. Fixing ¢ >0, it is sufficient to prove (35)—(37) for n> nodzef N,(e)
(cf. (24)).

Proof of (1). First note that, given a compact 4 < A2, there exist d >0
and v>0, such that d,<d and v, <vv, for neN (cf. (32), (33), and
(34)). Thus we can apply Proposition 2 to (31) and use (24) to obtain
that Sup, . 4 > n 19.(2)] < 00. Hence, sup,. 4 ,cz+ |@.(2)| < oo as well. For
neNu{cw} define 4, and B, by

n—1 —k

def ry
A, == ) —— (re—1t T =) Ok
k:n()Jrlr2 rl
no2 gkl ryr F
+ ) (FikTo,x—T172) Qr+ Py — P g +1
k=m 27T ra—r ry—rn
and
def n—1 rfk
def 2
B,= ) = (rk—1troe—1—r1—12) @k
k=mp+17277T1
n—2 r;kfl "1 r;no r;no
- (reToe—T172) Pr— Pyt Prng+1-
k=m 2771 rp—1y Fy—1ry

Then, by (24), lim,,, , A,=A, and lim, , ., B,=B,,. Since ¢, =A4,r] +
B, ) (cf. (30)), (35) follows from (24) and

(pn_Aoorrll_Boo rg:(An_Aoo)rrll+(Bn_Boo) r; .

Proof of (2). The equivalence of (35) and (36) follows from the fact
that both {r], r5} ¢ and {@,, V,} ¢ are bases for the solutions of (19).

Proof of (3). For the entire arc 4, there exist d >0 and v >0, such that
d, <nd and v, <nvv, for ne N (cf. (32), (33), and (34)). Rewrite (31) as

Pil2)
k

n—1
<M+ Z lj

n

Ukn(z) s |Z|:19 n>n09

k=ng

and then apply Proposition 2 to obtain sup,.,, ,en |9.(2)/n| < oo which
can be used to complete the proof similarly to that of part (1). ||
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Remark 6. The inequalities

sup  |@,(z)| <o

zed, n=ng
and

sup  |,(z)/n] <o

zedy,neN

which are valid under the assumptions >, |a, —a| < oo and >, n |a, —al
< oo, respectively, are crucial in the proof of Theorem 5. They were first
proved in [ 12, Theorem 14, p. 414]. Asymptotics for the orthogonal poly-
nomials in the case of asymptotically periodic coefficients, which generalize
(35) and (36), were obtained in [ 24, Corollary 3.1, p. 347].

To determine the asymptotic behavior of the orthonormal polynomials
{@,} & at the endpoints z=e*™ of the arc, we apply Proposition 4. This
approach works only for the case r; =r, (cf. (23)) and cannot be used to

prove either (35) or (37).

TueoREM 7. Let |a,| <1 for neN, 0<|a| <1, sin(o/2) < |a| with o e
(0, ), and let {¢p,} g be a solution of (7) (cf. (18)). If X.°_on |a,—a| < oo,
then there exist four complex numbers c,, d,, c,, and d,, such that |c,|+
dy| >0, |cs| + |dy] >0, and

) (pn(eioc) e—i(oc/Z)n ) (pn(e—ioc) ei(oc/Z)n
Iim ————=1 and lim ——m———

=1. 38
n— oo C1n+d1 n— oo C2n+d2 ( )

+ i

Proof. Apply Proposition 4 with f(n)=%"¢,(e*™)exp( Fi(«/2)n) for
n=ng (cf. (6)). |

Remark 8. There is a somewhat different way to prove Theorem 7.
One could follow the proof in [ 3, Theorem 4, p. 377] after replacing p,(1)
by ¢@,(e™) e~ /2n Reference [3, Theorem 4] was generalized in [14,
Theorem 3, p. 247] by considering it in the more general context of linear
difference equations.

Remark 9. 1t is possible to rewrite (38) in the spirit of (36) (cf. [ 14,
Theorem 4, pp. 247-2481).

Remarks 10. Analogous results can be derived from Theorems 5 and 7

by replacing {¢,} either by {@¥} s, or by {¥,}¢, or by {yF} 5. For
instance, (38) can be replaced by

EYPN 3 —i(a/2)n
lim Pulen) e =1 and

%, —io\ ,i(o/2)n
. e e
’ fim Pale” e

>
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and, similarly to (37), one can write

o0
lro—=rillor—Agri—Bori| <Ky Z klay—al, neN.
k=n—1

The corresponding formulas for {y,}¢ and {y,} are almost identical
to those for {¢,} s and {¢}} s, respectively. More specifically, one only
needs to replace a by —a, {a,} s by {—a,}, and the ¢’s by ¥’s in the
formulas involving {¢,} and {¢,}°. Other immediate extensions apply
to the kth associated polynomials {®} 2, {y®} = and their *-trans-
forms (cf. [22, Theorem 3.1, p. 176; 26, Sect. 41]).

5. MASS POINTS OF THE MEASURE

In this section we are to relax the conditions we have imposed on the
reflection coefficients {a,}¢’. Although we will not be able to obtain
asymptotic formulas for {¢,}¢°, we will still find useful information about
the orthogonality measure. Such type of results come from [ 18, Theorem 2,
p- 565]. However, the technique used here comes from the one used in [ 19,
207 (see, e.g., the idea of reducing the original second order difference
equation to a first order one by introducing a new variable in the proof of
[20, Theorem, p. 35], and formulas (7), (8), and (9) in [20, pp. 35-36]).
It is possible to view the next theorem in the more general context of
second order linear difference equations which provides a common plat-
form for all of the above mentioned results (cf. [ 25, Chap. V]).

We remind the reader of two facts about the structure of u and supp(u)
(see (3) and (4) for the notation). Let ae C with 0<|a| <1. First, if
lim, , ., @,(u, 0)=a, then A, =supp(u) and supp(u)\4, is finite for every
0<pf<a (cf. [7, Theorem 1', p. 205; 12, Theorem 3, p. 401]). Second, if
Y1 |Pi(u,0) —al < oo, then u is absolutely continuous on the open
circular arc 42 (cf. [12, Theorem 12, p. 410; 24, Theorem 4.1, p. 248]).

Recall that z; and z, are the zeros of (10), that is,

=z+1+\/(z—2€ e—e™™) Zz:z+1—\/(z—2e z—e ™)

21

THEOREM 11. dI;ez z€A? and 0<p<oo. Let |a,| <1 for neN, 0<

la] <1, sin(e/2) = |a| with «€(0,n), lim,_, , a,=a, and let {p,}s be a
solution of (7) (cf. (18)). If for some 6 >0
& —(17+0 " —
y exp{ (1740) p Yo lo 2a|}=oo (39)
n=0 |zy — 22| lal /1 —|a]
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then

Y lpu(2)]7= o0 (40)

Proof. In what follows, let ¢ >0 and pick 4 =4 < 49 so that ze 4. Let
ny =z max(Ny, Ny(e), Ny(e, 4)) (cf. Section 3) so that r; ,#r, , holds for
n=n; (cf. (27)). We decompose Eq. (18) in the following manner. Put

n) def n) def
‘9(1,)1 = Pun+1— 11 Pn and '9(1,)2 = Pu+1 T2 Py, (41)
and
n) def n n n) def n n
I E eIV, 9 and 9P 90 r 90 (@)
Then, by (41), (42), and (18),
‘9(2?)1:‘9(2':)2:§9n+2_(”1+"2) Pui1tTr1 720,
=(Fatran=T1=72) Cus1— (P ul2n—T172) Pus

so that

|'9(2',1)1|+|'9(2',1)2|<2 Pt o a—T1—= T2l |@ni1| 210 n o n—T172] @]

(43)
Using (18), |¢,| can be estimated by
ry ,+r
|(pn|<| 1,n 2,n| |(pn+l|+ |(pn+2| , n>nl. (44)
|r1,nr2,n| |r1,nr2,n|
Next, it follows from (41) that
g+l _ gn+1) rlg(n+1)_r29(n+1)
(ﬂn+1=—1’2 L and Ppny2= L2 L 5
ry—r, ry—r,
and, hence,
|9(n+1)|+|‘9(n+1)| |‘9(n+1)|+|3(n+1)|
@t <=4 = and g, .| <— s — nzn,.

[ry =75 lry—75]

(45)
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Combining (43), (44), and (45), we obtain

2
99+ 195 < 190V 1953 0)

><{|”1,n+”2,n_”1—’”2|

[Fintronl rinran,n—riral
+ | a o, n—1172] Lo 2 Lo 2w 102 (46)

|"1,n”2,n| |”1,n"2,n|

for n=n,. Thus, using (24) with the previously fixed ¢ >0, we can choose
n, =n, so that

2
|9(2’f)1|+|9(2',’£|<rr<I9("+”|+|9<"+”|> nzm,

| 1 2|
where

S (E\+3 Es+5¢) |a,,—al +(Ey+3E,+5¢) |a, ., —al. (47)
From (42) it follows that

19S5 1= 1975 = 19971 and [958 = 19951 — 19973 1.
Thus, by (46),
119531 <001+ 190 {14 2o
lri—ra|

2
(|9<"+“|+|9<"+”|)exp{e"}, nEn,  (48)

Iterating (48), we obtain

=2 ZZ:nz €r

lry =715

90| 4 (90D | > (|9&'f23|+|93'7z;|>exp{ } _—

(49)

Here [9(")|+ [9{")| >0 since otherwise, from (41), ¢, =¢, ,;=0, and
then (8) implies that a,, ;=0 as opposed to the choice of n,.%
By (41),

97T V1< I@uirl +1@nial  and  BYTVI<]@, 1]+ @40l

6 In fact, there is no need to use (8). Since all the zeros of all ¢,’s are in the open unit disk
(cf. [27, Theorem 11.4.1, p. 2921]), it follows from (41) directly that |.9(1f’)1|+ |9(1")2| >0 for
neN.
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Thus, by (49),

192 + 194 | exp {—2 Shen, ek}

|(pn+l|+|(pn+2|> 2

lry—ra|
Given p >0, let cpd:ef max(1, 27~ 1). Then

|9gr,121)| + |9(1n22) >p exp {_217 2k=0 ek}

10er1” 410,017 > (L

[ry =7,

><I9(1',’21)|+|9(1',’22’|>”exp{—2p 1—|al* E Zﬁlak—al}
2 |21 — 25| ’

nz=n,,

where E=E(a, &) & E, + E, + 6E5 + 10¢ (cf. (47)). Now the theorem follows
from

o0

> leal”
n=ny+1
U9+ 19931)” i exp {—217 VI-la? EXity Iak—al}
2r+! Cp n=n,+1 |21 — 25| '
where, by (26), the constant E is given by
2 a2 ST Ja) + 106
la| (1—1al?) ’

and, since x+./1 —x<5/4 for xe[0, 1],

1749

la| /1—|a]*

2 /1—|al*E<
where § =20 /1 — |a|?e.

COROLLARY 12. If the conditions of Theorem 11 hold with p =2 in (39),
then the orthogonality measure u corresponding to {@,} & has no mass point
at that particular point z € A2.
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Proof. By (40), 3, |@.(t, z)|* = oo. Hence the corollary follows from
the well known formula

.- 2 _ 1 — ,id 50
EOI%(#,Z)I ey T (50)

(cf. [ 16, formula (7) on p. 453 and its proof on pp. 444-4457). ||

COROLLARY 13. Let |a,| <1 for neN, 0<|a| <1, sin(a/2) < |a| with

ae(0,n), lim,_, , a,=a, and let {¢,} & be a solution of (7) (cf. (18)). If for
every Te R

0

Y exp {r i lak—a|}=oo, (51)
k=0

n=0

then for every ze A3 and p>0 we have {¢,(2)} ¢ {,. In particular, the
corresponding orthogonality measure u has no mass points in 42.

Remark 14. If either |a,—a|=o0(1/n) or > , |la,—a| < oo, then (51)
holds.

Remark 15. One can eliminate the use of z; and z, from (39) in the
following way. Let z = ¢® with « <9 <n. Then we have

. . 99— 9
|zl—22|=|\/(z—e’“‘)(z—e_’°‘) =2\/Sin 2asin —Zi-oc

2
Jr
where we used |sin(($ —a)/2)| = |9 —a|/z and |sin(($ + «)/2)| = min(sin a,
sin Z+%) for a < 3 < 7. Another possible inequality is given by

>— /(1 —a|*)"> min(1,2 |a|) x |9 —a|'?,

[p— 9—a| 2
|zl—zz|=2\/sin Ysin T %S0 [sin T4 52 19—l
P p 2 |77

where we used |sin((3 +a)/2)| > [sin(($ —a)/2)| for a < I < 7.

ExAMPLE 16. One cannot replace the condition |a, —a|=o0(1/n) by
|a, —a| = O(1/n) in Corollary 13, since there are measures u and corre-
sponding orthogonal polynomials {¢,} o° with reflection coefficients {a,} °,
s%cp that lim,, ,  n |a,—a| >0, and x has a mass point in 42. Indeed, let
a= 1+i/2, and consider the Geronimus polynomials {,} ¢ along with
their measure of orthogonality £, (cf. Section 2). We construct a new
measure by adding a mass point at a fixed z,€ 42, and then renormalizing

the resulting measure. More specifically, let 4=y, ., = (fia+9.,)/2. Denote
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by {¢,} ¢ and {®,} 5 the sequences of orthonormal and monic orthogonal
polynomials with respect to u, respectively. The relation between @, and
@, is given by

_@n( ) n—l(Za ZO)
1 +]€n71(207 ZO)

>

where

)= Z (52)

(cf. [2, p. 525; 11, formula (2.8), p. 36]). Putting z=0 and taking into
account K, ,(0,z0)=#,_, ®*_,(zo) (cf. [8, Chap. 1, formula (1.9)]), we
obtain

Ry_1 PulZ0) Pri—1(20)
’en 1 +Kn—1(ZO»ZO)’

a,=a—

so that

1/2 19,(20) Pr_1(Z0)]
1+ K, _ (20, Zo) -

la, —al=(1—1al?)

Let z, & —1. It follows from (16) that

¢4—*>¢nlt—w=(—1rema% 1v*1§}

Hence, by (53) and (17),

n(1 —lal?)"”
lim n|a,—al= lim
e nee 14 R, _y(—1, = 1)
1— 2\1/2 1
=c0s(oc/2)¢=—>0. |

= S

The situation concerning mass points at the endpoints of the arc is more
delicate. The following statement is a direct consequence of Theorem 7 and
(50).

THEOREM 17. Let la,| <1 for neN, 0<]a|l <1, sin oc/2 |a| with
ae(0,n), and let {@,} s be a solution of (7) (cf. (18)) If >3 ,nla,—al
< o0, then orthogonality measure u has no mass points at the endpoints of

4, (¢f-(4))
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6. SEQUENCES OF BOUNDED VARIATION

Another Solution Formula for the Perturbed Equation. A possible relaxa-
tion of the condition > ,la,—a| <o is to assume that {a,} is of
bounded variation, that is,

Z |an+1_an|<oo' (54)
n=0

Using (28), the latter property can also be described in terms of the roots
r; » of the characteristic equation (20). To be able to use (54), we rewrite
(19) as

Pnso—T1 Pus1=T2(Pps1— 71 Pp) (55)

In what follows, let ¢>0 and A=A<A4°. Let n;>max(N,y, N,(e),
Ny(e, 4)) (cf. Section 3) and ze 4 so that r; ,#r, , holds for n=>n; (cf.
(27)). For the perturbed equation (18) we follow the technique introduced
in [ 13, p. 614]. We set

d_ef
&n = (pn+1_rl,n(pn

so that (18) becomes
Cni1 120 &n=(rLn=T1ns1) Pnir- (56)

This may be solved as follows (cf. [13; 15; 29; 28, p. 450] for a similar
analysis of orthogonal polynomials on the real line). Let

def def

n—1
G, = g and G,= g,,/ [T 726 nzn+ 1.

k=n,
Then
n
Gn+1_Gn:(r1,n_r1,n+1)(pn+l/n r2,k
k=n,
so that
n—1 (
Vl,k—"l,k+1)(ﬂk+1
G,=G, + ) = , n=n,.
N r .
k=n j=ny "2, ]

The symmetric role of r; and r, in (55) suggests introducing

h, <
n — g0n+1_r2,n(pn
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and

Then

n—

V(ry o—r )
2k 12, k+1) Pr+1
H,=H, + ). z , n=ny.

n

k=n j=m 1

Now we can derive an implicit solution formula for ¢, using

h,— riah,—r
_ n gn and (ﬂn+1: 1,n'"n 2,ngn

Pn
rl,n_rZ,n rl,n_r2,n

which we write as

1 n—1 _
Pp=— (Hn1+ Z (2, ZZ,k-;l (ﬂk+1> 1—[ i

F,n=T2,n k=n, j=m 1 k=n,

1 "Lk Pr
_<Gn1+ Z 1, kl, +1 +1> 1—[ r2 X n>n1'

",n=T2n k=n, j=m T2, k=n,

(57)

In this section, our first result is about upper bounds and asymptotics for

the orthonormal polynomials {¢,} s whose reflection coefficients satisfy
(54).

THEOREM 18. Let |a,| <1 for neN, 0<|a| <1, s1n(oc/2) |a| with
ae(0,7), let {@,}s be a solution of (7) (cf. (18)), anddlfet A=A 8.
Assume that lim,,_, , a,=a, Y2 |a, 41 —a,| <0, and Q= max{Q,, Q,}
< oo with

ag
Q, et sup sup [ I l<o

zed o>Ny j=Ny+1

and

Q, &t sup sup [ |ra I <o, (58)

zed o> N, j:N0+1
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where N is defined by (6). Then

sup sup [@,(z)] <o (59)

zed neZ*

and there exist a constant Ky independent of ze€ A and n (but it depends on
the choice of A) and two functions H_, € C(43) and G, € C(A42), such that

n—1 n—1
(Fon—T20) @u—Hy [] rix+Go [ rax
k=N, k=N,
o0
<K; Z lag 1 — axl, n> N, (60)
k=n+1

in A.

Proof. let zed, ¢>0, and let 0<y<1 and n;>=max(N,, N,(¢),
N,(eg, A4)) (cf. Section 3) be such that

|”1,n_"2,n|>%
QUry n=rins1l T lry =72 1) <1—7, zed, n>ny. (61)

Choosing y and n, in (61) is possible because we have

lim lrin—Tonl=lr1—ry] =
n— oo

>

(z—1)>+4z|al?
1 —la|?

lim, , , |ry ,—71,,411=0, and lim, ,  |ry ,—75 ,4 | =0 uniformly in 4
(cf. (20)). Clearly, instead of (59), it is sufficient to prove

sup sup |@,(z)| < . (62)

zed nz=n

It follows from (57) and the left-hand side of (61) that

lp.| <Qy~HIH,, | +1G, 1)

n—1

+ Y [QUra s —rogerl +HIre—rieer D l@rial] (63)

k=n,

for n = n,;. Now use Corollary 3 applied to (63) (cf. right-hand side of (61))
and (28) to obtain (62).
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Having proved (59), now we consider (60). Let again ze€ 4, ¢ >0, and let
ny, = max(N,, Ny(e), Ny(e, 4)) (cf. Section 3). By (57) we have

n—1 n—1
(Fron—r2n) @u=H, [| rix—G, [ raxs nzng,
k=n k=n
where
der "o (e L) @
e Lk "Lk+1) Pr+1
G,=G,+ Y 7
k=n, j:nlrlj
and

FaCl +nil (Vz,k_”z,k+1)¢k+1'

" " k=n; H;F:nl rl J
Using (22), (28), (58), and (59), define G, and H_, by

def hmn — Gn dEf hmn — Hn

G, = e ST and = = T TP
k=N, T2,k k=N, Lk
respectively. Then
n—1 n—1
(Fon=T20) @u—Ho ] rix+Go [ rax
k=N, k=N,
n—1 n—1
:<Hn_H00 I1 Vl,k> [T e
k=N, k=n

n—1 n—1
_<Gn_Goo 1 Vz,k> [T 2 nzng,

k=N, k=ny

so that (60) follows from (28) when n>n,. When Ny <n<n,, (60) clearly
holds with an appropriate choice of Ks5. |

Remark 19. By (22), the products in (58) also satisfy

ag g

0 < inf inf [T Irujl and 0 < inf inf [T Ira il

zed o> N, J=Ny+1 zed o> N, J=Ny+1



PERTURBATION OF ORTHOGONAL POLYNOMIALS, II 27

Remark 20. 1If |a,|<1 for neZ* and 0<|a| <1, then (58) holds
whenever > °_, |a,—a| < .

Recall that z; and z, are the zeros of the polynomial (10), that is,

21+ (z—e™)(z—e™™)
2

41— /(z—e™)(z—e™™)
5 :

zy= and z,=

The next theorem is related to Theorem 11.

THEOREM 21. Let zed? and 0<p<oo. Let |a,| <1 for neN, 0<
la] <1, sm(oc/2) “\a| with ae (0, n), lim, , . a,=a, and let {gon}"o be a
solution of (7) (¢f. (18)). Let

n

o 1llm sup inf [ min (|ry |, [ros]) > (64)

£ — o n>t’k P

where ry , and r, , are the roots of (20). If, for some 6 >0,

(65)

|Zl_22|2 |al

© —(14+8) p3>n -
Z exp{ ( + )p2k=0|ak+l ak'}zoo
then

Y o (2)]7 = co.
n=0

Proof. The proof is a modification of that of Theorem 11. In what
follows, let ¢>0, and let /o> max(N,, N,(¢), No(¢g, 4)) (cf. Section 3) so
that r, , #r,,, holds for n>1, (cf. (27)). We start with the decomposition
of (18) (cf. (56)) by introducing

def def
= (pn—o—l_rl,ngpn and (n)

(n)

;71,1 (pn+1 r2,n gﬂn» (66)

and

D —r (. (67)

|
=~
N

X
=
IS
=
o
=
Ny
o
e
Q

Then, by (66), (67), and (18),

,)1:("1,n—”1,n+1)(ﬂn+1 (68)
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and

N =12 n=T2041) Pusi1- (69)
It follows from (66) that

(n) (n) (n)
— r —r

0, = N1,2— 111 and Pror = 1n’71 2,21 ’ n=ty. (70)
Fion=T2n "'yn—T2n

Combining (68) and the left-hand side of (70) applied with n+ 1 instead of
n, we obtain

71— 11 1
<) ", n=d,.
|"1,n+1_’”2,n+1|

Similarly, combining (69) and the left-hand side of (70) applied with n+ 1

instead of n, we get

ry—r
p < (oo el
|r1,n+1_r2,n+1|

Hence,

WP+ g < (e 01+ Dy o) DT nes 2 = P
LSRR PRSY

b
nz=/,.

Pick /, >/, in such a way that |r; ,, ;=75 ,,|>Ir;—71,|/(1+¢) for
n>=/{,. Then we get

1
§h 1+ 5| < ﬁ(lf?‘"“)lJrlﬂY,’z“)l)fm nzt(y,  (71)
1 I

where, using (28) with the previously fixed ¢ >0, we can choose

def
= {2Es+ &) |ay 20— apir | +2Es+ &) |a,43—a,.5|}(1+e)
y (67),

S = 1ro | 1§01 = I D1 Zmin(lry 0, fry D) 10§01 = g0
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and

5% = Iry | 1% = In{3 V1 = min(lry 1, 1ro 1) 128751 = 0§73V

so that by (71),
min(|ry [, 172, DR+ 1777 1)

<+ ) {1 +f"2}
r 5|

i —

(|n<"+”|+|n<"“>|)exp{ S
r

[ry—rs

|2}, n=¢(0.  (72)

Let /,(>/,)eN be such that ]_[,’g#zmin(lrl,kl, [ cl)=zw for n>7,
(cf. (64)). Iterating (72) yields

n

V1 I3 1= TT min(lry il 1ra  DOUREE T+ 10731

k=12,
{—Zi_zsz}
X exp { ————2-—
lry =72l
o1+ g exp | ===l s,
| ’ lry—r,]
(73)
Here [7{3| + |#{"3| > 0 since, otherwise, by (66) (cf. (70)), ¢ =9r51= 0,

and then (8) would imply a,,, =0 as opposed to the ch01ce of Z,.

By (66) applied with n + 1 instead of n, [T V1< 1@ ol + 11 sl @il
and |73 01 <@zl + 1721 1] [@nsy]. Note that lim, . |r, ,|=1 and
lim, , ,, |y, ,| = 1. Thus, by (73), there is /3( > ¢,) € N such that

2| + 173 —3r o/
Pt | [ Pss| > 121 ) exp { —=k=0/k

3 |”1_"2|2

}, nx=/,.

7 As mentioned before, there is no need to use (8). Since all the zeros of all ¢,’s are in the
open unit disk (cf. [27, Theorem 11.4.1, p. 2927]), it follows from (66) (cf. (70)) directly that
7" |+ 7" | >0 as long as ry , #r, .
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Given p >0 put ¢, & max(1,27~"). Then

Cp(|(pn+1|p+|(ﬂn+2|1,)
) (3 R
<|77 P+ nv3 |> pexp{ ka—Ofk}

\Y

3 |"1_”2|2
(MR Wy
3
—p(l —la n+2 g —a
X exp p( | |) hIy 2| k+1 il ’ n>ls,
|21 — 25|

where F=F(a, &) =% (1 4+¢)(2E,+2E5+4¢) and we used (12) to replace
|ry—7,] 72 by (1—1a|?) |z, —z,]| ~2 Now the theorem follows from

i 07> (731 + ni3 )P
n=¢3+1 2c P3p
0 _ 1— n+1
.5 exp{ P = o) FE} oy = ak|}.
n=ty+1 |21 — 25|

For the constant F' we have

i (VTP lal? 45 )+ 0t
and, since x+./1 —x<5/4 for xe[0, 1],

14
(1—lal?) F<|7|+ O(e),

giving the desired result. ||

Remark 22. Just as in the case of Theorem 11, we have a number of
corollaries. If the conditions of Theorem 21 hold with p=2 in (65), then
the measure of orthogonality  corresponding to {¢,} ¢ has no mass point
at that particular point ze 42. If lim a,=a with 0 <|a| <1 and for
every Te R

n— oo

Z exXp {f Z |ak+1_ak|}=OOr (74)
n=0 k=0

then for every ze A4S and p >0 we have {¢,(z)} > o¢/,. In particular, the
corresponding orthogonality measure x4 has no mass points in 4¢. If either
lap1—a,| =0(1/n) or 3 _ola,,.1—a,| <oo, then (74) holds. The condi-
tion la,,+1 a,| =o(1/n) cannot be replaced by |a, ., —a,|= O(1/n) since
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the polynomials given in Example 16 again yield a counterexample.
Finally, (74) holds whenever the conditions of Corollary 13 are satisfied.
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